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ABSTRACT
Using linear perturbation theory, we investigate the torque exerted on a low-mass
planet embedded in a gaseous protoplanetary disc with finite thermal diffusivity. When
the planet does not release energy into the ambient disc, the main effect of thermal
diffusion is the softening of the enthalpy peak near the planet, which results in the
appearance of two cold and dense lobes on either side of the orbit, of size smaller than
the thickness of the disc. The lobes exert torques of opposite sign on the planet, each
comparable in magnitude to the one-sided Lindblad torque. When the planet is offset
from corotation, the lobes are asymmetric and the planet experiences a net torque,
the ‘cold’ thermal torque, which has a magnitude that depends on the relative value
of the distance to corotation to the size of the lobes ∼ √χ/Ωp, χ being the thermal
diffusivity and Ωp the orbital frequency. We believe that this effect corresponds to the
phenomenon named ‘cold finger’ recently reported in numerical simulations, and we
argue that it constitutes the dominant mode of migration of sub-Earth-mass objects.
When the planet is luminous, the heat released into the ambient disc results in an
additional disturbance that takes the form of hot, low-density lobes. They give a
torque, named heating torque in previous work, that has an expression similar, but of
opposite sign, to the cold thermal torque.
Key words: planet-disc interactions – protoplanetary discs – hydrodynamics – dif-
fusion – planets and satellites: formation.
1 INTRODUCTION
The dependence on thermal diffusion of the torque experi-
enced by a planet embedded in a gaseous disc has been in-
vestigated mainly for planet masses ranging from a few tens
of Earth masses down to a few Earth masses. In this mass
range, a complex dependence of the torque on thermal diffu-
sivity has been found, which has been accounted for by the
non-linear dynamics of the corotation torque (Masset & Ca-
soli 2010; Paardekooper et al. 2011). Such studies have been
tackled by means of a mixture of numerical simulations and
toy models of the coorbital region. The more direct impact of
thermal diffusivity on the linearized equations of the flow,
however, has never been investigated. Most analytic stud-
ies of the angular momentum exchange between an external
perturber and the gaseous disc have either assumed the gas
to be isothermal, or, when relaxing this barotropic assump-
tion, to behave adiabatically. In recent numerical simula-
tions, Lega et al. (2014) argue for the existence of a hitherto
unmentioned component of the torque between a low-mass
planet and a gaseous disc, which they attribute to the exis-
tence of thermal diffusion. This torque is found to originate
? masset@icf.unam.mx
from regions located in the immediate vicinity of the planet,
well within the length-scale of pressure. In these regions,
the gas is colder and more dense than it would be if it be-
haved adiabatically. These regions are found on both sides
of corotation, and exert torques of opposite signs. Because
of an asymmetry between the torque of the inner and outer
regions, they exert a net torque. The authors dubbed this
effect the ‘cold finger’ effect. In a different spirit, Ben´ıtez-
Llambay et al. (2015) have studied the impact on migra-
tion of heat release by low-mass, luminous planets. Thermal
diffusion is naturally an essential ingredient of such study.
They find that the heat released in the vicinity of the planet
diffuses in the nearby disc and is carried away by the Keple-
rian flow, yielding in steady state two hot, low-density lobes.
These lobes share a number of properties with the regions
identified by Lega et al. (2014): their characteristic size is
smaller than the length-scale of pressure, they exert antag-
onistic torques on the planet, and they are asymmetric, so
that they exert a net torque on the planet. Since the regions
identified by Lega et al. (2014) and those found by Ben´ıtez-
Llambay et al. (2015) have similar properties but correspond
to perturbations of opposite signs (the former are dense and
cold, the latter are hot and underdense), it is not surprising
that the net torques found in these two works have opposite
signs: while Lega et al. (2014) find their additional torque
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component to be negative, Ben´ıtez-Llambay et al. (2015)
find that the release of heat increases the total torque on
the planet, up to the point that it can become positive if the
luminosity is sufficiently large. Motivated by these findings,
we undertake here the study of the torque experienced by
a low-mass planet in a disc with a finite thermal diffusivity,
using linear perturbation theory in a three-dimensional (3D)
shearing sheet (we anticipate curvature effects to be unim-
portant, owing to the small size of the disturbances and their
proximity to the planet). We lay down our assumptions and
write our governing equations in section 2. We then first turn
to a study of the heat release in section 3. While it may seem
at first glance that dealing with the additional complexity
of heat release should be studied after the response to a cold
planet, it is actually simpler, and provides hints to the solu-
tion for a massive, non-luminous object, which we consider
in section 4. In that section we evaluate the impact of a finite
thermal diffusivity on the torque experienced by a low-mass,
non-luminous planet. In section 5, we discuss our results and
compare the magnitude of the effect we found to that of the
Lindblad and corotation torques on a low-mass planet. We
draw our conclusions in section 6.
2 BASIC EQUATIONS
2.1 Main assumptions
We consider a planet of mass M embedded in a protoplan-
etary disc on a circular, prograde and non-inclined orbit of
radius rp. The central star has a mass M?, the disc has a
surface density Σ and an angular velocity Ω(r), where r is
the distance to the central star. We assume that the distur-
bances that are the subject of the present study are small
compared to the pressure length-scale H of the disc. We will
assess in section 5 the extent to which this assumption is
justified. This assumption allows us to perform our study in
the framework of the shearing sheet (Narayan et al. 1987),
here in three dimensions1. Our frame is essentially a Carte-
sian box of dimensions much smaller than the planet’s or-
bital radius, which contains the planet and corotates with it.
We use the conventional notation for the axes: x is directed
along the gradient of unperturbed velocity (i.e. along the ra-
dial direction from a global perspective), y is directed along
the unperturbed motion (i.e. along the azimuthal direction)
and z is perpendicular to the disc’s midplane. Although the
direction of the central object is unspecified in the shear-
ing sheet, we will refer to the material at x > 0 (x < 0) as
the outer (inner) disc, implying that the central object lies
on the negative side of the x-axis. The planet location is
(x, y, z) = (xp, 0, 0). The vanishing value of z arises from the
assumption of an orbit coplanar with the disc, while y can
be set to 0 without loss of generality.
The continuity equation reads:
∂t ρ + ∇ · (ρV ) = 0, (1)
1 In the literature, the expression “shearing box”, which would be
more appropriate, almost always refer to a numerical device, used
in particular in local magnetohydrodynamics simulations, rather
than to the framework proposed by Narayan et al.
where ρ is the density and V = (u, v,w)T the velocity. The
Euler equation reads
∂tV +V · ∇V + 2Ωpez ×V = −∇(Φt + Φp) − ∇p
ρ
, (2)
where ez is the unit vector along the z-axis, Ωp is the ro-
tation rate of the frame about this axis, Φp is the plan-
etary potential and p is the pressure. In Eq. (2), Φt =
−qΩ2p(x − xp)2 + (1/2)Ω2p z2 is the tidal potential, q being
a dimensionless number that quantifies the shear (q = 3/2
in Keplerian discs). Finally, the equation for the density of
internal energy e reads:
∂te + ∇ · (eV ) = −p∇ ·V − ∇ · FH + S, (3)
where S = S0(r ) + Sp(r ) is a source term that consists of the
source terms S0 of the unperturbed disc and Sp arising from
the release of energy into the gas by the planet, and where
FH is the heat flux, given by
FH = −χρ∇
(
e
ρ
)
, (4)
where χ is the thermal diffusivity. We assume the gas to be
ideal and write
p = (γ − 1)e, (5)
where γ is the adiabatic index. We write the perturbed quan-
tities as the sum of the unperturbed value and a perturba-
tion, denoted with a prime:
ρ = ρ0 + ρ
′ (6)
e = e0 + e
′ (7)
p = p0 + p
′ (8)
u = u′ (9)
v = v0 + v
′ = −qΩp x + v′ (10)
w = w′, (11)
where Eq. (10) arises from Eq. (2) with the choice that v0 = 0
for x = 0 (the plane x = 0 is therefore the planet’s corota-
tion), which implies
xp = − ∂xp0
2qΩ2pρ0
. (12)
From now on we make the assumption that xp, which is
the distance of the planet to its corotation, is much smaller
than the size of the disturbance. We linearize Eqs. (1)-(3)
and assume a steady state. We obtain
−qΩp x∂y ρ′ + ρ0(∂xu′ + ∂yv′ + ∂zw′) = 0 (13)
−qΩp x∂yu′ − 2Ωv′ = − ∂xp
′
ρ0
+
(∂xp0)ρ′
ρ20
− ∂xΦp (14)
−qΩp x∂yv′ + (2 − q)Ωpu′ = −
∂yp′
ρ0
− ∂yΦp (15)
−qΩp x∂yw′ = − ∂zp
′
ρ0
+
(∂zp0)ρ′
ρ20
− ∂zΦp (16)
−qΩp x∂yp′ + γp0(∂xu′ + ∂yv′ + ∂zw′)
= χ∆p′ − χ p0
ρ0
∆ρ′ + (γ − 1)Sp(r ), (17)
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where we have used Eq. (5) to eliminate all instances of e,
and where we have assumed the size of the perturbation to
be much smaller than the length-scale over which the unper-
turbed quantities vary. The second term of the right-hand
side of Eq. (16) is therefore typically smaller by a factor of
order (λ/H)2 than the preceding term, and we neglect it.
This amounts to neglecting the vertical stratification of the
disc. We take the Fourier transform of the perturbations in
y and z, with the following conventions of sign and normal-
ization:
ξ˜(x, ky, kz ) =
∬
ξ ′(x, y, z)e−i(kyy+kz z)dy dz (18)
ξ ′(x, y, z) = 1
4pi2
∬
ξ˜(x, ky, kz )ei(kyy+kz z)dky dkz, (19)
where ξ ′ represents the perturbation of an arbitrary variable,
and ξ˜ its two-dimensional Fourier transform. The system of
Eqs. (13)-(17) can therefore be rewritten as the following
system of ordinary differential equations:
−iqkyΩp x ρ˜ + ρ0(∂x u˜ + iky v˜ + ikz w˜) = 0 (20)
−iqkyΩp xu˜ − 2Ωp v˜ + ∂x p˜
ρ0
− ∂xp0
ρ20
ρ˜ = −∂xΦ˜p (21)
−iqkyΩp xv˜ + (2 − q)Ωp u˜ +
iky p˜
ρ0
= −ikyΦ˜p (22)
−iqkyΩp xw˜ + ikz p˜
ρ0
= −ikzΦ˜p (23)
−iqkyΩp xp˜ + γp0(∂x u˜ + iky v˜ + ikz w˜)
− χ∆′p˜ + χc
2
s
γ
∆′ ρ˜ = (γ − 1)S˜p,
(24)
where we have written the forcing terms arising from the
planet on the right-hand side and where cs is the adiabatic
sound speed:
cs =
√
γp0
ρ0
. (25)
In Eq. (24), the ∆′ operator is
∆′ ≡ ∂
2
∂x2
− k2, (26)
with
k2 = k2y + k
2
z (27)
Finally, we can use Eq. (20) to eliminate the divergence of
velocity in Eq. (24) and obtain
−iqkyΩp x(p˜ − c2s ρ˜) − χ∆′
(
p˜ − c
2
s
γ
ρ˜
)
= (γ − 1)S˜p . (28)
This relationship constitutes our main equation in what fol-
lows.
In the following section, we further simplify this rela-
tion by showing that for disturbances (i) that are not trig-
gered by a potential and (ii) that are much smaller than the
length-scale of pressure, the relative perturbation of pressure
is negligible compared to that of density, so that Eq. (28)
can take a particularly simple form.
2.2 Magnitude of the perturbation of pressure
Using Eqs. (21)-(23), we can obtain the expression of u˜, v˜
and w˜ as a function of p˜, Φ˜p and their derivatives in x. These
can be substituted in Eq. (20), so as to yield an expression
of ρ˜ as a function of p˜ and Φ˜p. We obtain
ρ˜ − 1
DΩ2p
∂xp0
ρ0
∂x ρ˜ = L
(
Φ˜p +
p˜
ρ0
)
(29)
where the dimensionless quantity D is
D = q2k2y x
2 − 2(2 − q). (30)
and where the linear operator L is defined by
L(Y ) = − ρ0
DΩ2p
∂2
x2
Y +
2ρ0q2k2y x
D2Ω2p
∂xY
+ ρ0
[
k2y
DΩ2p
(
1 − 4q
D
)
+
k2z
q2k2yΩ2p x2
]
Y .
(31)
Using Eq. (12), Eq. (29) can be recast as
ρ˜ +
qxp
2D
∂x ρ˜ = L
(
Φ˜p +
p˜
ρ0
)
. (32)
Under our assumption that xp is much smaller than the
typical size of the disturbance, the second term of the left-
hand side is negligible compared to the first one since q and
D are of order unity, and we can write
ρ˜ ≈ L
(
Φ˜p +
p˜
ρ0
)
. (33)
We now specify to the case of a perturbation not triggered
by a gravitational potential, which therefore obeys:
ρ˜ ≈ L
(
p˜
ρ0
)
. (34)
An order of magnitude of the perturbation of pressure can
be obtained by letting k−1y ∼ k−1z ∼ x ∼ λ, ∂x p˜ ∼ p/H and
∂2
x2
p˜ ∼ p˜/H2, λ  H being the typical size of the density
disturbance. The third and last term of the right-hand side
of Eq. (31) is then dominant and implies
p˜ = O(λ2Ω2p ρ˜). (35)
As a consequence, we have
p˜  H2Ω2p ρ˜ ∼ c2s ρ˜. (36)
This relation is valid for any disturbance smaller than the
pressure length-scale that verifies Eq. (34).
2.3 Forcing terms
Having assumed that the distance of the planet to corotation
|xp | is small compared to the size of the disturbance, we
perform an expansion to first order in xp of the planetary
potential and heating term.
The former can be obtained taking the inverse Fourier
transform in x of its three-dimensional Fourier transform
Φ¯p(xp, kx, ky, kz ), which is readily obtained from Poisson’s
equation:
Φ¯p(xp, kx, ky, kz ) = −4piGMe
−ikx xp
k2x + k2y + k2z
, (37)
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which gives
Φ˜(xp, x, ky, kz ) = 12pi
∫ +∞
−∞
Φ¯p(xp, kx, ky, kz )eikx xdkx
= −2piGM
k
e−k |x−xp | . (38)
In the expansion of this expression, some care must be taken
that the function exp(k |x− xp |) does not have the same value
for its left and right derivatives at xp = x. We get
Φ˜(xp, x, ky, kz ) = Φ(0)p (x, ky, kz )+ xpΦ(1)p (x, ky, kz )+O(x2p) (39)
with
Φ
(0)
p (x, ky, kz ) = −
2piGM
k
e−k |x | (40)
and
Φ
(1)
p (x, ky, kz ) = −2piGMsgn(x)e−k |x | . (41)
Similarly, specializing to a singular heat release at the
planet’s location:
Sp(xp, r ) = Lδ(x − xp)δ(y)δ(z), (42)
where δ is Dirac’s distribution and L is the luminosity of the
planet, we obtain:
S˜p(xp, x, ky, kz ) = S˜(0)p (x, ky, kz )+xp S˜(1)p (x, ky, kz )+O(xp)2 (43)
with
S˜(0)p (x, ky, kz ) ≡ S˜(0)p (x) = Lδ(x) (44)
and
S˜(1)p (x, ky, kz ) ≡ S˜(1)p (x) = −Lδ′(x), (45)
where we have reduced the set of independent variables of
these two functions, as de facto they only depend on x.
2.4 Decomposition of the response of the disc
We can formally write the linear system of Eqs. (20) to (24)
under the concise form:
S(Q) = TΦ +TH, (46)
where
Q = (ρ, u, v,w, e)T , (47)
TΦ = (0,−∂xΦ˜P,−ikyΦ˜p,−ikzΦ˜p, 0)T , (48)
TH = (0, 0, 0, 0, S˜p)T (49)
are respectively the vector of the solution, and the forcing
terms arising from the planet’s gravity and luminosity. In
Eq. (46), S represents the linear operator corresponding the
left-hand side of the set of Eqs. (20) to (24). Owing to the
linearity of S, we can decompose the solution Q as
Q = QΦ +QH, (50)
where QΦ and QH verify respectively
S(QΦ) = TΦ (51)
and
S(QH ) = TH (52)
When they fulfil appropriate boundary conditions, QΦ and
QH characterize the disturbances excited respectively by
the planet’s gravity and by the release of energy in the sur-
rounding gas.
We can use the expansions of section 2.3 to further de-
compose the response of the disc. Using Eqs. (43) and (49),
we can write
TH = T
(0)
H
+ xpT
(1)
H
+O(xp)2, (53)
with
T
(0)
H
= [0, 0, 0, 0, Lδ(r)]T (54)
T
(1)
H
= [0, 0, 0, 0,−Lδ′(r)]T . (55)
The linearity of the operator S implies that if we define Q (0)
H
and Q
(1)
H
as solutions of the linear system respectively, with
forcing terms T
(0)
H
and T
(1)
H
,
S[Q (0)
H
] = T (0)
H
(56)
S[Q (1)
H
] = T (1)
H
, (57)
then Q
(0)
H
+ xpQ
(1)
H
is an expansion to first order in xp of
the solution QH of Eq. (52). A similar decomposition can
be applied to the solution of Eq. (51), but it will not be
required in the following.
3 EFFECT OF HEAT RELEASE
We first study the case of a luminous planet and work out
the first-order expansion Q
(0)
H
+xpQ
(1)
H
of the solution QH to
the equation (52). It corresponds to a disturbance that yields
a force which, by construction, is the difference of the force
exerted on a luminous planet and the force exerted on a non-
luminous planet. This corresponds to the torque component
dubbed heating torque by Ben´ıtez-Llambay et al. (2015). In
this whole section, we do not write an H index for the dif-
ferent hydrodynamic variables in order to improve legibility,
but it must be understood that they are components of QH .
3.1 Advection-diffusion equation
Since in this whole section we consider only the release
of heat, the perturbations of density and pressure verify
Eq. (34), and Eq. (36) holds. We can therefore neglect the
two occurrences of p˜ in Eq. (28), which takes the simple form
iqkyΩp x ρ˜ +
χ
γ
∆′ ρ˜ = γ − 1
c2s
S˜p, (58)
This relation is equivalent, in real space, to
V 0 · ∇ρ′ = χ
γ
∆ρ′ − γ − 1
c2s
Sp (59)
Under the assumption λ  H to which we have restricted
ourselves, the perturbation of density is therefore solution
of the simple diffusion-advection equation above, in which
the advective velocity is the unperturbed velocity of the
shearing sheet, while the pressure is essentially unperturbed
(|p′/p0 |  |ρ′/ρ0 |).
We can decompose the Fourier transform of the density
perturbation into its real and imaginary parts:
ρ˜(x, ky, kz ) = ρ˜R(x, ky, kz ) + i ρ˜I (x, ky, kz ), (60)
MNRAS 000, 1–17 (2017)
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where ρ˜R and ρ˜I are real numbers. Eq. (58) is equivalent to
the differential system:
−qΩpkyγx ρ˜I = −χ[∂2x2 ρ˜R − k2 ρ˜R] +
γ(γ − 1)S˜p
c2s
(61)
qΩpkyγx ρ˜R = −χ[∂2x2 ρ˜I − k2 ρ˜I ]. (62)
We define the dimensionless quantity K as
K =
χk3
qΩpkyγ
, (63)
and introduce the new variable X as
X = xk, (64)
which allows us to recast the system of Eqs. (61) and (62)
as
X ρ˜I = K
(
ρ˜′′R − ρ˜R
) − (γ − 1)kS˜p
qΩpkyc2s
(65)
−X ρ˜R = K
(
ρ˜′′I − ρ˜I
)
, (66)
where the symbol ′′ denotes the second derivative with re-
spect to X. The boundary conditions that the solution must
satisfy are
ρ˜R → 0 when X → ±∞ (67)
ρ˜I → 0 when X → ±∞ (68)
The real part ρ˜R has same parity in X as S˜, whereas the
imaginary part ρ˜I has the opposite parity. Equations (65)
and (66) describe the general response of the gas to an ar-
bitrary heat function S˜, when the size of the disturbance is
much smaller than the pressure length-scale.
3.2 Force expression
The force exerted on the planet by the perturbed density of
a slab ranging from xmin to xmax has the expression
Fy =
∫ xmax
xmin
∫ ∞
−∞
∫ ∞
−∞
ρ′∂yΦp dy dz dx (69)
which can be recast, using Parseval’s theorem, as
Fy =
1
pi2
∫ xmax
xmin
dx
∫
ky>0
dky
∫
kz>0
dkzΦ˜pky ρ˜I , (70)
where ρ˜I , as in the previous section, represents the imagi-
nary part of ρ˜, and where the front coefficient comes from
our conventions of Eqs. (18) and (19). We have used the fact
that ρ is even in z, and the fact that Φ˜p is real and even in
ky and kz to write the integral of Eq. (70) over the quadrant
ky > 0, kz > 0.
Denoting with ρ˜(0) and ρ˜(1) respectively the density
component of Q
(0)
H
andQ
(1)
H
defined at Eqs. (56) and (57), we
can write, using the expansion of the potential of Eq. (39),
the expansion of the force as
Fy = F
(0)
y + xpF
(1)
y +O(x2p), (71)
where
F(0)y =
1
pi2
∫ xmax
xmin
dx
∬
ky>0,kz>0
dky dkzΦ˜
(0)
p ky ρ˜
(0)
I
(72)
and
F(1)y =
1
pi2
∫ xmax
xmin
dx
∬
ky>0,kz>0
dky dkz ky[Φ˜(0)p ρ˜(1)I + Φ˜
(1)
p ρ˜
(0)
I
]. (73)
When the limits of integration are (xmin, xmax) = (−∞,+∞),
the zeroth-order term F(0)y vanishes: for symmetry reasons,
there can be no net force on a planet sitting on corotation.
The evaluation of the net force therefore requires the evalu-
ation of the first-order term F(1)y . However, it is interesting
to evaluate the zeroth-order term when the limits of inte-
gration are (xmin, xmax) = (0,+∞), i.e. when we consider the
force exerted exclusively by the material outside corotation.
Not only does that provide one of the solutions required to
evaluate the net force (ρ˜(0)), it also provides some insight
into the disc response. Using a terminology similar to the
one employed for Lindblad torques, we call this force the
one-sided thermal force.
3.3 One-sided thermal force
As described in the previous section, we seek here the density
response of the disc to the heating term:
S˜(0) = Lδ(x) = Lkδ(X). (74)
We call [RK (X), IK (X)] the solution of the differential system
of Eqs. (65) and (66) in which the forcing term is Dirac’s
distribution with a unitary weight:
XIK = K(R′′K − RK ) + δ(X) (75)
−XRK = K(I ′′K − IK ), (76)
and which satisfies RK (X) → 0 and IK (X) → 0 when
X → ±∞. We can obtain RK (X) and IK (X) with a shoot-
ing method, as presented in Appendix A. We have
ρ˜
(0)
R
(X) = sRK (X) (77)
ρ˜
(0)
I
(X) = sIK (X), (78)
with
s = −(γ − 1)k
2L
qΩpkyc2s
(79)
Using Eqs. (40), (64), (72), (78) and (79), we write the force
exerted by the gas at x > 0 as
Fone-sidedy =
∫ ∞
0
∫ ∞
0
fy(ky, kz )dky dkz, (80)
where the force density in Fourier space fy(ky, kz ) is given
by
fy(ky, kz ) = 2(γ − 1)GML
piqΩpc2s
∫ ∞
0
exp(−X)IK (X)dX . (81)
The integral of the right-hand side is a real function of the
variable K. We call it F(K). Therefore, the one-sided force
reads
Fone-sidedy =
2(γ − 1)GML
piqΩpc2s
∫ ∞
0
∫ ∞
0
F(K)dky dkz . (82)
We introduce the characteristic spatial frequency kc as
kc =
√
qΩpγ
χ
, (83)
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and the dimensionless form of the wave vectors ky and kz as
Ky = ky/kc, (84)
Kz = kz/kc . (85)
Eq. (63) becomes
K =
(K2y + K2z )3/2
Ky
, (86)
and we rewrite Eq. (82) as
Fone-sidedy =
2(γ − 1)GML
piqΩpc2s
k2c
∫ ∞
0
∫ ∞
0
F
[ (K2y + K2z )3/2
Ky
]
dKydKz
(87)
The double integral can be recast into separable form using
the variables (α, θ) such that
Ky = α sin θ (88)
Kz = α cos θ. (89)
We eventually obtain an expression involving a single inte-
gral only:
Fone-sidedy =
γ(γ − 1)GML
piχc2s
∫ ∞
0
F(α)dα. (90)
Details about the numerical evaluation of this integral are
given in Appendix B. We find∫ ∞
0
F(α)dα ≈ 0.205, (91)
so that
Fone-sidedy =
0.0653γ(γ − 1)GML
χc2s
. (92)
This force has the same dependence on the different physical
parameters as the heating force worked out by Masset &
Velasco Romero (2017) in a medium without shear, albeit
with a markedly different numerical coefficient. Remarkably,
it does not depend on the amount of shear q. This force
is positive: the disturbance, which corresponds to a heated
region with negative perturbation of density, tends to be
displaced towards negative values of y by the Keplerian flow,
and ultimately exerts a positive force on the planet.
3.4 Net thermal force
The thermal force exerted by the whole material, corre-
sponding to Eqs. (71)-(73) with (xmin, xmax) = (−∞,+∞), re-
quires the evaluation of ρ˜
(1)
I
. This quantity is given by the
solution of the differential system of Eqs. (65) and (66) with
the forcing term S˜(1)p of Eq. (45)
S(1)p (x) = −Lδ′(x) = −Lk2δ′(X). (93)
We call [rK (X), iK (X)] the solution of Eqs. (65)-(66) in which
the forcing term is the negative of the derivative of Dirac’s
distribution with unitary weight:
XiK = K(r ′′K − rK ) − δ′(X) (94)
−XrK = K(i′′K − iK ), (95)
which satisfies the boundary condition rK (X), iK (X) → 0
when X → ±∞. From Eqs. (65), (66) and (93) we infer
ρ˜
(1)
I
= −(γ − 1)k
3L
qΩpkyc2s
iK (X). (96)
Denoting with F(1a)y the first part of the integral of Eq. (73)
F(1a)y =
1
pi2
∫ +∞
−∞
dx
∬
ky>0,kz>0
dky dkz kyΦ˜
(0)
p ρ˜
(1)
I
, (97)
we have, using Eqs. (40), (64) and (96):
F(1a)y =
∫ ∞
0
∫ ∞
0
f (1a)y (ky, kz )dkydkz, (98)
with
f (1a)y (ky, kz ) =
4(γ − 1)kGML
piqΩpc2s
∫ ∞
0
exp(−X)iK (X)dX . (99)
The integral of the right-hand side is a function of the vari-
able K, that we call J(K). Note that we have an extra factor
of 2 in Eq. (99) because the integration is now performed
over the whole disc, and we have used the fact that ρ˜
(1)
I
, or
iK (X), are even functions of X. We have, using Eqs. (84)-(86)
and (99)
F(1a)y =
4(γ − 1)GML
piqΩpc2s
k3c
×
∫ ∞
0
∫ ∞
0
(K2y + K2z )1/2J
[ (K2y + K2z )3/2
Ky
]
dKydKz . (100)
Using again the variables of Eqs. (88)-(89) and Eq. (83), we
obtain
F(1a)y =
4(γ − 1)GML
3piqΩpc2s
k3c
∫ ∞
0
J(α2/3)dα
∫ pi/2
0
sin3/2 θdθ
≈ 0.371γ
3/2(γ − 1)GMLq1/2Ω1/2p
χ3/2c2s
∫ ∞
0
J(α2/3)dα (101)
We give in Appendix B details about the evaluation of the
integral of Eq. (101). We find∫ ∞
0
J(α2/3)dα ≈ 0.616, (102)
and thus
F(1a)y ≈
0.228γ3/2(γ − 1)GMLq1/2Ω1/2p
χ3/2c2s
(103)
We now turn to the second part of Eq. (73), that we call
F(1b)y :
F(1b)y =
1
pi2
∫ +∞
−∞
dx
∬
ky>0,kz>0
dky dkz kyΦ˜
(1)
p ρ˜
(0)
I
. (104)
Using Eqs. (41), (78) and (79), we can write
F(1b)y =
∫ ∞
0
∫ ∞
0
f (1b)y (ky, kz )dkydkz, (105)
with
f (1b)y =
4(γ − 1)kGML
piqΩpc2s
F(K). (106)
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The form f (1b)y is very similar to that of f
(1a)
y , except that
it features F(K) instead of J(K). We can therefore directly
write
F(1b)y ≈
0.371γ3/2(γ − 1)GMLq1/2Ω1/2p
χ3/2c2s
∫ ∞
0
F(α2/3)dα. (107)
An approximate numerical value of the integral (see Ap-
pendix B) is 0.252. Not surprisingly, F(1a)y and F
(1b)
y have a
positive sign. The former, because the force exerted at the
origin by the disturbance excited by a planet at xp > 0 is
positive, as the outer disc receives more heat (we have seen
that the outer disc exerts a positive force on a mass located
at the origin), and the latter because the force exerted at the
location (x, 0, 0) (with x > 0) by the disturbance excited by
a planet located at the origin is positive, since this location
is closer from the disturbance of the outer disc.
We eventually have
F(1)y = F
(1a)
y + F
(1b)
y ≈
0.322γ3/2(γ − 1)GMLq1/2Ω1/2p
χ3/2c2s
(108)
and the net thermal force is
Fy = xpF
(1)
y ≈
0.322xpγ3/2(γ − 1)GMLq1/2Ω1/2p
χ3/2c2s
. (109)
Unlike the one-sided thermal force, the net force does depend
on the shear. It also has a steeper dependence on the thermal
diffusivity than the one-sided force, and it has the same sign
as xp, for the reasons explained above.
3.5 Response in real space
It is instructive to examine the form of the response in
real space. Denoting with a hat the one-dimensional Fourier
transform in z, we have
ρˆ(x, y, kz ) =
∫ +∞
−∞
ρ′(x, y, z)e−ikz zdz (110)
and
ρˆ(x, y, kz ) = 12pi
∫ +∞
−∞
ρ˜(x, ky, kz )eikyydky (111)
The perturbation of surface density Σ′(x, y) is also ρˆ(x, y, 0).
We introduce the reduced coordinates x′ = xkc and y′ = ykc ,
and the perturbation of surface density σ′ as a function of
(x′, y′)
σ′(x′, y′) = Σ′(x′/kc, y′/kc). (112)
We have
σ′(x′, y′) = 1
2pi
∫ +∞
−∞
ρ˜(x′/kc, ky, 0)eiky/kcy′dky . (113)
We can write the first-order expansion of σ′(x′, y′) in xp,
using the decomposition of section 2.3. We have
σ′(x′, y′) = σ′(0)(x′, y′) + xpσ′(1)(x′, y′) +O(x2p), (114)
where σ′(i) is obtained substituting ρ˜ by ρ˜(i) in Eq. (113).
Noting from Eqs. (63), (79) and (83) that for kz = 0, we have
K = ky |ky |/k2c (115)
and
ρ˜(0)(x′/kc, ky, 0) = s[RK (x′ky/kc) + iIK (x′ky/kc)] (116)
with
s = −γ(γ − 1)L
χc2s
× ky
k2c
, (117)
we have
σ′(0)(x′, y′) = −γ(γ − 1)L
piχc2s
×
∫ ∞
0
Ky[RK2y (x
′Ky) cos(y′Ky) − IK2y (x
′Ky) sin(y′Ky)]dKy,
(118)
where we have used Eq. (84). In a similar fashion, using
Eq. (96), we obtain
σ′(1)(x′, y′) = −γ(γ − 1)Lkc
piχc2s
×
∫ ∞
0
K2y [rK2y (x
′Ky) cos(y′Ky) − iK2y (x
′Ky) sin(y′Ky)]dKy,
(119)
where we have used the parity in K of the functions RK , rK ,
IK and iK to integrate over positive values of Ky (the first
two are odd in K, while the other two are even in K). These
relations show that the perturbation of surface density by
a planet at the origin, and its derivative with respect to
the planet’s distance to corotation, are universal maps of
the normalized coordinates, and that they are proportional
to the factors in front of the integrals. The scaling factor
kc is the same for the x- and y-coordinates, which implies
that the shape of the planet’s response is independent of the
shear and of the thermal diffusivity. Changing one of these
parameters changes the size of the disturbance, but not its
aspect ratio. Fig. 1 shows the aspect of σ′(0) and σ′(1).
3.6 Physical picture
The physical picture that emerges from the previous sec-
tions is that the heat released by a luminous planet into its
surroundings yields a low-density region, over a length-scale
λc = k−1c =
√
χ/qΩpγ, (120)
which is distorted by the Keplerian shear. When the planet
is centred on corotation (xp = 0), no net force is exerted,
for symmetry reasons. In this situation, the outer and in-
ner lobes exert opposite forces of magnitude Fone-sidedy ∼
GML/χc2s (we discard occurrences of the adiabatic index
and numerical factors in this discussion on orders of magni-
tude). When the planet is away from corotation, the sym-
metry is broken and the it experiences a net force of mag-
nitude Fy ∼ (xp/λc)Fone-sidedy . Although our expansion is
valid for |xp |  λc , we can estimate the magnitude of the
net force when the distance to corotation becomes compa-
rable to or larger than λc . Masset & Velasco Romero (2017)
have evaluated the force arising from the release of heat by
a perturber in a homogeneous medium without shear. They
showed that the response time of the force, in the regime of
low Mach numbers, is τ ∼ χ/V2, where V is the velocity of
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Figure 1. Perturbation of surface density σ′(0) in units of γ(γ − 1)L/χc2s due to the singular heat release Lδ(r ) (left) and perturbation
σ′(1) arising from the heat ‘dipole’ −Lδ′(x)δ(y)δ(z), in units of γ(γ − 1)Lkc/χc2s (right). The map of the right can also be regarded as the
derivative of the perturbation of surface density with respect to the planet position xp . These maps have been obtained by summing
40 000 Fourier components in geometric sequence from ky = 10−4kc to ky = 104kc . The levels on the left map are in geometric sequence
with a ratio of
√
2 from −3× 10−2 to −0.48, while the levels on the right map are in geometric sequence with a ratio of 2 from ±1× 10−2 to
±0.16. The thicker contour corresponds to the null level. The vertical arrows depict schematically the Keplerian flow. When the distance
to the planet is largely smaller than λc (i.e. for |xkc |  1 and |ykc |  1), diffusion dominates and the perturbation has spherical
symmetry. For distances comparable to or larger than λc , advection takes over and the perturbation is distorted under the action of the
Keplerian flow.
the perturber with respect to the gas. In the present situa-
tion, when the response time is shorter than the time-scale
of the shear (qΩp)−1, the shear is unimportant and the net
force on the perturber can be approximated by the expres-
sion of Masset & Velasco Romero. This occurs when
χ
(qΩp xp)2
.
1
qΩp
(121)
or equivalently when xp & λc . The length-scale λc is there-
fore also the distance to corotation beyond which the shear
becomes irrelevant. When the planet’s distance to corota-
tion is larger than λc , the force tends towards the value
∼ GML/(χc2s ) (Masset & Velasco Romero 2017). When it is
much smaller than λc , it obeys the linear scaling given by
Eq. (109). We note that Eq. (109) evaluated for xp = λc gives
approximately 2/3 of the value given by Masset & Velasco
Romero (2017).
4 COLD PLANET
We now turn to the case of a non-luminous planet. We de-
note with an index a the perturbations of the different hy-
drodynamics quantities when the disc is adiabatic (χ = 0),
and with an index t the difference between the solution with
a finite thermal diffusivity and the solution of the adiabatic
case. Hence, by definition, we can write
ρ˜ = ρ˜a + ρ˜t, (122)
p˜ = p˜a + p˜t . (123)
In this whole section, we do not write an index Φ for the
different hydrodynamics variables in order to improve legi-
bility, but it must be understood that they are components
of QΦ, i.e. of the disc’s response to a perturber with non-
vanishing gravitational potential and with L = 0.
Eq. (28) implies that when the disc is adiabatic (χ = 0)
and the planet is non-luminous (S˜p = 0):
p˜a − c2s ρ˜a = 0. (124)
When χ , 0 (and S˜p = 0), Eq. (28) can be rewritten as:
−iqkyΩp x(p˜t − c2s ρ˜t ) − χ∆′
(
p˜t − c
2
s
γ
ρ˜t
)
= χ∆′
(
p˜a − c
2
s
γ
ρ˜a
)
,
(125)
Using Eq. (124), we can simplify the right-hand side and
obtain:
−iqkyΩp x(p˜t − c2s ρ˜t ) − χ∆′
(
p˜t − c
2
s
γ
ρ˜t
)
=
γ − 1
γ
χ∆′p˜a . (126)
The additional perturbation of density ρ˜t arising from a fi-
nite thermal diffusivity obeys therefore an equation similar
to Eq. (28), in which (γ − 1)/γ · χ∆′p˜a plays the role of the
heat source.
Using Eq. (33), we can write
ρ˜a = L
(
Φp +
p˜a
ρ0
)
and ρ˜ = L
(
Φp +
p˜
ρ0
)
. (127)
We note that the thermal diffusivity χ does not feature in
the expression of the operator L, so that it has same ex-
pression in the two instances of the above identities. The
linearity of this operator implies
ρ˜t = L
(
p˜t
ρ0
)
. (128)
Therefore, as shown in section 2.2, the relative perturbation
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of pressure arising from the finite thermal diffusion is negli-
gible compared to that of density: | p˜t/p0 |  | ρ˜t/ρ0 |, which
allows us to simplify Eq. (126) into
iqkyγΩp x ρ˜t + χ∆′ ρ˜t =
γ − 1
c2s
χ∆′p˜a . (129)
Eq. (129) is considerably more complex than the equa-
tion (58) for a luminous planet that we solved in section 3,
in which the source terms of heat were singular at the origin.
The source term in ∆′p˜a has here a complex structure over
the whole wake triggered by the planet in an adiabatic disc.
It has, however, a nearly singular component at the planet’s
location, as we shall see below. We are going to restrict our-
selves to the study of this particular component, and to the
force or torque it exerts on the planet. How a finite ther-
mal diffusivity further affects the torque will be discussed in
section 5.4, but is not studied in detail in this work.
We use the fact that the response of an adiabatic disc
in the immediate vicinity of a low, sub-thermal mass planet
(i.e. at distances shorter than the pressure length-scale) is
such that the planetary potential well is almost filled with
enthalpy, so that the distribution of the gas near the planet
resembles that of an isentropic atmosphere in hydrostatic
equilibrium. We discuss the validity of this assumption in
Appendix C. We therefore use the approximate relationship
ρ0Φp + p
′
a = 0 (130)
to continue our calculation. Using Poisson’s equation, we
arrive at
iqkyΩp x ρ˜t +
χ
γ
∆′ ρ˜t = −4piGM χρ0(γ − 1)
c2sγ
δ(x − xp), (131)
where we have made the approximation ∆(−ρ0Φp) ≈
−ρ0∆Φp, that we justify in Appendix D. The density per-
turbation arising from a finite thermal diffusivity is formally
similar to the density perturbation ρ˜H arising from a singu-
lar heat release by the planet, given by Eq. (58), with the
negative luminosity −Lc , where Lc is given by
Lc =
4piGM χρ0
γ
. (132)
All the results found in section 3 can be applied directly,
except for a change of sign. Instead of two hot, low-density
lobes, we have here two cold, dense lobes on either side of
corotation. The one-sided force arising from any of these
lobes has a familiar value. Using Eqs. (92) and (132), we
findFone sided, coldy  = 0.821(γ − 1)G2M2ρ0
c2s
(133)
This quantity might be easier to recognize if we use the re-
lationships ρ0 = Σ/
√
2piH, c2s = γH2Ω2p and write the torque
Γ = rpFy in terms of Γ0 defined by
Γ0 = Σr
4
pΩ
2
pµ
2h−3, (134)
where h = H/rp is the disc’s aspect ratio and µ = M/M?. We
obtainΓone sided, coldthermal  = 0.33γ − 1γ Γ0 (135)
To within a dimensionless factor, this is the one-sided Lind-
blad torque2 (Ward 1997). The cold thermal lobes therefore
exert on the planet torques comparable in magnitude to the
wake’s torques. The analogy even holds for the signs: the
outer lobe exerts a negative torque on the planet, as does
the wake of the outer disc, while the opposite holds for the
inner disc.
The net thermal force can be derived using Eqs. (109),
(132) and (134). We obtain:
Γcoldthermal = −1.61
γ − 1
γ
xp
λc
Γ0. (136)
In Eqs. (133) and (136) we have used the subscript thermal
to indicate that these torque components arise from ρ˜t , and
must be added to the torque arising from ρ˜a (i.e. the torque
exerted on the planet in an adiabatic disc) to get the total
torque acting on the planet.
5 DISCUSSION
We have worked out in section 3 the torque arising from the
perturbation QH , while in section 4 we have given an esti-
mate of the torque increment arising from a finite thermal
diffusivity, with respect to the adiabatic case. Both torques
arise from the same physical process, that of the diffusion of
heat and its advection by the Keplerian flow, over a distance
typically shorter than the disc’s pressure length-scale. We
give them the generic name of thermal torques. More specif-
ically, we keep for the former the name ‘heating torque’ used
by Ben´ıtez-Llambay et al. (2015), and we call the latter the
‘cold thermal torque’ since it does not involve the release of
heat by the planet. When the planet has a finite luminosity,
the total thermal torque is the sum of the heating torque
and of the cold thermal torque.
5.1 Comparison of the cold thermal torque and
differential Lindblad torque
We have seen in the previous section that the one-sided
Lindblad and thermal torques have the same order of mag-
nitude. Which of the net torque (Lindblad or thermal) is
larger therefore depends on the degree of asymmetry of each
torque, as depicted in Fig. 2. An exploration of the param-
eter space being far beyond the scope of this work, we will
fix ideas using the recent disc models of Bitsch et al. (2015).
Namely we will use the same samples of these models as
those considered by Masset & Velasco Romero (2017, in
their table 1). These two samples correspond to the physical
parameters in a bona fide protoplanetary disc at r = 3 au
(hence at distances where planetary formation is supposed
to take place) at two different dates: when the disc is young
(t = 300 kyr) and when it is more evolved (t = 1 Myr) and
has experienced a significant drop of temperature.
The ratio of the thermal torque to the Lindblad plus
corotation torque scales with the ratio
xp
λch
= η
H
λc
(137)
2 The one-sided Lindblad torque depends on the disc profile, and
is typically ∼ Γ0/2.
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Figure 2. Schematic comparison between the Lindblad torque and the cold thermal torque. The net (or differential) Lindblad torque
arises from an asymmetry of the one-sided Lindblad torques. The residual value is of order −hΓ0, as it is the length-scale of pressure that
sets the asymmetry between the torques at inner and outer Lindblad resonances. The corotation torque, not shown here, has same scaling,
with a dimensionless coefficient different from that of the differential Lindblad torque, which depends on the disc’s profile. Similarly, the
net thermal torque arises because of an asymmetry between the outer and inner one-sided thermal torques. The amount of asymmetry,
and the ultimate value of the net thermal torque, depends on the ratio of the corotation offset xp to the size of the thermal lobes λc .
Assessing which of the two kinds of torque is stronger (Lindblad plus corotation, or thermal torque) therefore amounts to comparing
xp/λc to h.
where we have used the relation
xp = ηh2rp, (138)
η being a dimensionless coefficient of order unity that de-
pends on the profiles of surface density and temperature.
The torque ratio therefore scales with the ratio of the pres-
sure length-scale (or disc’s thickness) to the size of the ther-
mal disturbance. We have assumed this ratio to be large in
our derivation. For the first disc model that we consider (left
column of table 1 of Masset & Velasco Romero), the ratio
H/λc is ∼ 4.8, whereas for the second disc model it has the
value ∼ 12. This essentially validates the key assumption
made in section 2.1 that λc  H.
We can make more quantitative the comparison be-
tween the Lindblad plus corotation torque and the cold ther-
mal torque by taking into account the dimensionless factors
of order unity. When the surface density and temperature
profiles are power laws of the radius (respectively with ex-
ponents −α and −β), one has, using Eq. (12)
η =
α
3
+
β + 3
6
. (139)
In the disc models that we consider, in which (α, β) ≈ (1/2, 1)
for the first model and (α, β) ≈ (0, 1) for the second model,
we have respectively η ≈ 0.8 and η ≈ 0.7. Specialising, from
now on, to the case γ = 7/5, adequate for protoplanetary
discs, we get from Eq. (136):
Γcoldthermal ≈ −1.8hΓ0 for model 1,
Γcoldthermal ≈ −3.9hΓ0 for model 2.
These estimates are to be compared with the typical value
of the Lindblad plus corotation torque3, which is generally
in the range [−2hΓ0/γ, 2hΓ0/γ] (see e.g. Lega et al. 2015;
Jime´nez & Masset 2017), and rather on the lower side of
this interval for planets of the order of one to a few Earth
masses.
This indicates that for protoplanets or planetary em-
bryos with a mass sufficiently small to be subjected to the
thermal torque, the latter is an essential component of the
total torque. In particular, in discs with low thermal diffu-
sivity (as the disc model 2), the thermal torque can be so
large that it makes the Lindblad and corotation torques vir-
tually irrelevant. Since the thermal torque scales with the
offset to corotation xp, embryos mainly driven by the ther-
mal torque should be trapped at or near the pressure traps
(locations where the pressure gradient, and therefore the
offset to corotation, cancel out) much as lower mass objects
driven by aerodynamic drag.
5.2 Critical mass for heat release
The planetary mass up to which thermal torques are sig-
nificant is an open question. In the context of dynamical
friction, Masset & Velasco Romero (2017) argue that the
3 We warn the reader against a possible confusion between our
definition of Γ0, which scales as h
−3 as does the one-sided Lindblad
torque, and the definition adopted in many publications, which
involves h−2 rather than h−3, and which corresponds to the scaling
of the differential Lindblad or corotation torques. This is why in
the present work the net Lindblad or corotation torque scales with
hΓ0 rather than Γ0.
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estimate of the heating force obtained by a linear analysis
holds when the heat released by the planet entirely ends up
as an excess of internal energy outside of the Bondi sphere4.
This occurs when the time-scale for heat diffusion across
Bondi’s radius rB = GM/c2s is shorter than the acoustic time
rB/cs. This condition translates into M < Mc = χcs/G. For
masses larger than this critical value, it is not guaranteed
that the internal energy injected in the gas near the planet
emerges as an excess of internal energy outside of the Bondi
sphere, and one may expect a cut-off of the thermal force.
The exploration of the parameter space of Ben´ıtez-
Llambay et al. (2015), which shows a cut-off of the heat-
ing torque above a few Earth masses, is compatible with
this expectation. Similarly, the work of Lega et al. (2014),
which is likely the only numerical evidence of the cold ther-
mal torque to date (as we shall see in section 5.3.1), shows
that this effect vanishes past ∼ 3M⊕. This set of evidence is
rather slim, however, and a thorough study of the thermal
torques as a function of the planetary mass is necessary to
provide useful formulae that can be incorporated to models
of planetary population synthesis. Owing to the non-linear
nature of the flow within the Bondi sphere, a systematic
study of the mass dependence may need to resort to numer-
ical simulations. There is nevertheless a foreseeable difficulty
inherent to such study. The mass range of interest and the
resolution requirements are such that the time step of an
explicit scheme will not be limited by the sound speed, but
necessarily by heat diffusion, potentially yielding very short
time steps. Unless heat diffusion is dealt with in an implicit
manner, or accelerated by the use of a super time-stepping
technique (Alexiades et al. 1996), the calculations may prove
impracticable.
We also note that even in the barotropic case complex
phenomena occur in the Bondi sphere of a low-mass planet
(Fung et al. 2015; Ormel et al. 2015a,b; Fung et al. 2017). In
the particular case in which the gas is isothermal, there is
a large mass build-up within the Bondi sphere owing to the
lack of compressional heating, with potentially a large im-
pact on the torque (Fung et al. 2015). For sub-critical planets
(M < Mc), the flow may be considered as nearly isothermal
within the Bondi sphere. The enhancement of density ρt ex-
perienced in such case by a cold planet leads to a similar
mass build up as in the isothermal case, which may have an
impact on the torque. The investigation of this highly non-
linear small-scale flow is largely beyond the scope of this
work. It likely requires to be tackled by means of numerical
simulations. While the Bondi sphere of nearly thermal-mass
planets (µ ∼ h3) can be resolved on modern computational
platform, that of deeply embedded objects (µ  h3) such
as those considered here cannot be resolved with present-
day computational resources (Fung et al. 2015), at least for
global disc simulations.
Until a detailed exploration of the thermal effects that
resolves the flow at the sub-Bondi scale and provides the
magnitude of the force as a function of the planetary mass
is available, we caution that estimates of the thermal torques
should be valid only when M < Mc , and regarded as upper
values otherwise.
4 If the luminosity is not too large, the Bondi sphere encloses the
region where the flow is non-linear.
5.3 Comparison to earlier work
5.3.1 Cold thermal torque and the ‘cold finger’ effect
The cold thermal torque has been quite elusive so far in
numerical simulations of embedded protoplanets. There are
several reasons for that: (i) it requires a finite thermal dif-
fusivity of the gas, while the vast majority of the numerical
studies used either isothermal or adiabatic setups; (ii) a fi-
nite thermal diffusivity is generally achieved through the use
of some sort of radiative transfer (such as flux limited diffu-
sion), which considerably increases the numerical cost over
what could be achieved if thermal diffusion was modelled
as in the present work, and consequently decreases the size
of the parameter space that can be explored, (iii) thermal
torques are exerted on low or very low mass planets (up to
a few Earth masses at most), which are not systematically
included in studies of planet-disc interactions with radiative
transfer and (iv) the thermal lobes are typically an order
of magnitude smaller than the length-scale of pressure, and
are barely captured even with state-of-the-art resolutions.
To the knowledge of the author, there is only one mention
in the literature of the effect that we described here as the
cold thermal torque: Lega et al. (2014) found that Earth-
sized planets in 3D radiative discs were subjected to a neg-
ative torque which could be accounted for neither by the
Lindblad torque nor by the corotation torque. The radial
density of the torque shows strong contributions bound to
the coorbital region, negative outside and positive inside,
with a marked asymmetry in favour of the outside compo-
nent. All of these features are compatible with the effect we
report here. One can furthermore estimate the thermal diffu-
sivity at the midplane of the disc considered by these authors
to be χ ≈ 1.5 × 1015 cm2s−1, from which we can estimate,
for their planets orbiting a solar mass star at rp = 5.2 au,
that λc = 0.014 au, compatible with the extent of the peaks
found in their radial torque distribution. Incidentally, this
shows that in their disc, they have H/λc ≈ 14, bringing fur-
ther evidence that the thermal lobes are in general much
smaller than the pressure length-scale. We can also estimate
the corotation offset xp, in their setup, to be of the order
of 6 × 10−3 au, which represents a fair fraction of λc , the
characteristic size of the thermal lobes, and can account for
the strong asymmetry between the inner and outer torques.
Finally, they observe a strong difference in the torque distri-
bution between their lightest planet (with mass 2M⊕) and
the next one (with mass 3M⊕), indicating that the effect is
probably already cut-off in their simulations, at least above
the lowest mass considered. As further evidence to support
this claim, we note that Eq. (136) predicts a cold thermal
torque of the order of −5.5hΓ0, which would result in a total
torque much larger in absolute value than the values they
report even for 2M⊕, which seems to indicate that even for
this lowest mass the effect is already significantly cut-off.
We comment however that this discrepancy can also be at-
tributed, at least partially, to the low resolution with which
the lobes are captured.
These authors reported their effect as the formation
of ‘cold fingers’. This denomination likely arises from sub-
sequent two-dimensional simulations that they perform, in
which the cooling of fluid parcels is not due to heat diffu-
sion but to an exponential relaxation towards a prescribed
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equilibrium temperature, resulting in a larger entropy loss
for gas parcels that experience more compressional heating.
This numerical experiment is enlightening as it explains the
formation of cold, dense structures past the planet. The
resulting disturbances, nonetheless, do not arise from an
advection-diffusion equation as the one we solved here, but
merely from advection and cooling, which results in much
more narrow, elongated features. We suggest that the de-
nomination ‘cold lobes’ is more adequate when there is ther-
mal diffusion.
5.3.2 Heating torque
The heating torque, analysed in section 3, has been stud-
ied by means of numerical simulations by Ben´ıtez-Llambay
et al. (2015). Most of the remarks that we made for the work
of Lega et al. (2014) in section 5.3.1 also apply to this work,
except for a change of sign. Also, the disc’s thermal diffusiv-
ity in this work is approximately 2.9 times larger than that
of Lega et al., which implies that the length-scale λc of the
thermal lobes is 1.7 times larger (the distance to the central
star, and the mass of the latter, are the same in both works).
This is compatible with the radial torque density presented
by Ben´ıtez-Llambay et al. (2015). We mention that their
‘neutral run’, in which the heat release is disabled, does in-
clude a cold thermal torque. The planet’s luminosity in the
fiducial calculation of this work is L = 6.0 × 1027 erg s−1.
Noting that Eq. (109) can be rewritten, using Eq. (138) as
Γheating = 0.261η
GML
(χΩp)3/2
, (140)
and noting that here η = 5/6, we would predict for the heat-
ing torque a value of Γheating ∼ 2.7 × 1036 g cm2s−2. This
value is typically one order of magnitude larger than the
value measured. As for the simulations of Lega et al. (2014),
this may constitute an indication that the thermal torques
are cut-off. The discrepancy may also partly arise from the
barely sufficient resolution (λc is just twice the radial resolu-
tion, and marginally smaller than the azimuthal resolution
in that work).
The main trend found by Ben´ıtez-Llambay et al. (2015),
which is a strong dependence on the disc’s opacity, is qualita-
tively compatible with the results of Eq. (109): the larger the
opacity, the smaller the thermal diffusivity, and the larger
the heating torque. The comparison cannot be made quan-
titative, however: the fiducial mass considered in this work
is largely beyond the critical mass χcs/G, and the latter
furthermore varies when the opacity varies. They also find
the heating torque to scale with the distance to corotation,
which is compatible with our findings.
Finally, we mention that the luminosity Lc of Eq. (132)
is ∼ 1.1 × 1027 ergs s−1, largely smaller than the luminosity
of the fiducial run of Ben´ıtez-Llambay et al. (2015). It would
correspond to a mass doubling time of ∼ 500 kyr. The cold
thermal torque has therefore only a mild impact in the runs
of that work.
5.4 Additional effect of thermal diffusion on the
torque
As mentioned in section 4, we have restricted ourselves, in
the cold case, to the study of the disturbance triggered by
the singular component at the planet’s location. Yet, one
may expect thermal diffusion to have a more direct, intuitive
effect on the wake’s torque, if we omit the singular compo-
nent: at low thermal diffusivity, the wake essentially behaves
adiabatically and exerts the same torque as in an adiabatic
disc, whereas at large thermal diffusivity it should behave
isothermally and exert the same torque as in an isothermal
disc. It is easy, however, to realize that the thermal diffusiv-
ity is usually sufficiently small for the wake’s torque to have
the adiabatic value, when, as we noted in previous sections,
H  λc . The exchange of angular momentum between the
planet and the disc at a given Lindblad resonance occurs
essentially over the first wavelength of the wave launched at
the resonance. For waves with low azimuthal wavenumber
m (m < h−1), the wave vector of the disc’s response over
the first wavelength is dominated by its radial component
and has the order of magnitude |k | ∼ (m/h2)1/3/rp, whereas
waves with large azimuthal wavenumber (m > h) have a
wave vector dominated by its azimuthal component so that
|k | ∼ m/r. A wave with wave vector k and frequency ω be-
haves adiabatically if k is smaller than
kcut =
√
ω/χ (141)
The frequency of the waves launched at Lindblad resonances
is the local epicyclic frequency, which is also close to Ωp
for a Keplerian disc. Waves with low azimuthal wavenum-
ber therefore satisfy k < (λc/H)kcut, and behave adiabat-
ically. Waves with high azimuthal wavenumber will reach
the cut-off wavenumber for m ∼ r/λc = (H/λc)h−1. This
wavenumber is considerably larger than the wavenumber for
the torque peak, which occurs for m ∼ h−1/2 (Ward 1997),
so that virtually all resonances involved in the angular mo-
mentum exchange should excite an adiabatic response. From
these arguments we also see that a transition towards an-
other regime should be expected when H ∼ λc , i.e. when
χ ∼ H2Ωp. This is the critical thermal diffusivity considered
by Masset & Casoli (2010), who performed a fit of the Lind-
blad torque as a function of the thermal diffusivity. Alter-
natively, Paardekooper et al. (2011) use a one-dimensional
wave model in a uniform medium as a guideline, and work
out an effective adiabatic index γeff . They find a turnover dif-
fusivity a factor of ∼ h smaller than H2Ωp, as they consider
the wave frequency in the inertial frame (mΩp) rather than
in the local frame. It is unclear what value one should expect
for the Lindblad torque when χ becomes a sizeable fraction
of H2Ωp. In this regime, the waves launched at resonances
are damped near their region of excitation. This process has
been studied by Cassen & Woolum (1996) when thermal dif-
fusion arises from radiative transfer. Although these issues
definitely require further work, it should be clear that, for
values of the thermal diffusivity typical of protoplanetary
discs, they correspond to minute corrections to the torque,
in comparison to the large effect of the cold thermal torque.
5.5 A simple expression for the total thermal
torque
The total thermal torque is the sum of the heating torque
and of the cold thermal torque:
Γtotalthermal = Γ
heating
thermal + Γ
cold
thermal, (142)
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while the total torque acting on the planet is
Γtotal = Γtotalthermal + Γadiabatic (143)
The heating torque given by Eq. (109) can be cast in a simple
form using the critical luminosity Lc of Eq. (132). We obtain
Γ
heating
thermal = 1.61
γ − 1
γ
xp
λc
L
Lc
Γ0, (144)
while the total thermal torque is
Γtotalthermal = 1.61
γ − 1
γ
xp
λc
(
L
Lc
− 1
)
Γ0. (145)
This expression can also be recast under the convenient form
Γtotalthermal = 1.61
γ − 1
γ
η
(
H
λc
) (
L
Lc
− 1
)
hΓ0, (146)
where η is given by Eq. (139), λc by Eq. (120), Lc by
Eq. (132) and Γ0 by Eq. (134).
5.6 Dependence on the disc gradients
The analysis presented in Sections 2-4 allows for a radial gra-
dient of density, but assumes the background temperature
to be uniform. The perturbation of density in the heated re-
gion does not depend on the background density [a similar
result was obtained by Masset & Velasco Romero (2017) for
the hot plume created by a hot body in a uniform medium].
This result holds as long as the perturbation of density is a
small fraction of the unperturbed density. In the cold case,
the perturbation of density does feature the unperturbed
density at the planet’s location. Therefore, no dependence
of the thermal torques on the unperturbed density gradient
should be expected, other than through the dependence on
the corotation offset xp.
We can estimate the dependence of the thermal torque
on the temperature gradient as follows. A temperature gra-
dient yields a correction that has the order of magnitude:
∆βΓthermal ∼ Γone−sidedc2s∂r
(
1
c2s
)
λc = βΓ
one−sided λc
rp
. (147)
We compare this correction to the thermal torque Γthermal ∼
(xp/λc)Γone−sided:∆βΓthermalΓthermal
 ∼ |β | λ2crp xp ∼ |β | λ2cH2  1. (148)
The correction is therefore negligible. Contrary to what hap-
pens for the case of the Lindblad torque, the region that
exerts the torque is so compact that the gradient of back-
ground temperature does not have a sizeable impact on the
torque value, and the thermal torques have no dependence
on the temperature profile other than the one borne by the
corotation offset xp (see equations 138 and 139).
The torque expressions given in section 5.5 are therefore
valid in discs with arbitrary surface density and temperature
gradients.
5.7 On the negative luminosity of the cold case
The physical picture of the heating torque gives some in-
sight into the mechanism of the cold thermal torque, which
is very similar in nature. When the disc is adiabatic, there
is a peak of temperature T = p/ρ at the location of a non-
luminous planet, since the potential well of the planet is
almost topped off with enthalpy. The introduction of ther-
mal diffusion flattens this peak over a distance ∼ λc . As
for the heating torque, this is achieved with perturbations
of temperature and density of opposite signs, and virtually
no perturbation of pressure. This situation is represented
graphically in Fig. 3, which shows the perturbations of tem-
perature and density at distances from the planet sufficiently
small so that they can be regarded as having spherical sym-
metry. We see in this figure that the density perturbation
associated with the finite thermal diffusivity seems to stem
from a singular heat source with negative luminosity. At
larger scale, in steady state, the perturbed density adopts
the same pattern as the perturbed density associated with
the heat release, with an opposite sign. This shows that the
cold thermal torque and the heating torque are two slightly
different versions of the same process of diffusion-advection.
The fact that the density perturbation associated with
thermal diffusion seems to stem from a point-like source
arises from a coincidence between two laws in R−1: that of
the planetary potential and that of diffusion in three dimen-
sions around a point-like source5. This coincidence is not for-
tuitous: it simply arises from the fact that both processes are
described by two formally similar Poisson’s equations with
a singular right-hand side. This coincidence does not hold
in two dimensions, where the planetary potential is still rep-
resented by a R−1 law, whereas the perturbation of density
arising from the heat release by a point-like source is solution
of a two-dimensional Poisson’s equation, with a divergence in
log R in the vicinity of the perturber. In these circumstances,
the perturbation of density arising from thermal diffusion
near a cold planet cannot be regarded as originating from a
point-like source. More generally, this underscores the need
for three-dimensional calculations to reproduce correctly the
properties of the thermal torques.
This mechanism (flattening of the temperature peak by
thermal diffusion, which triggers a density perturbation sim-
ilar to the one that would arise from a singular heat sink)
should be valid every time a point-like mass moves at low
Mach number within a non-adiabatic gas. Under these cir-
cumstances, thermal diffusion imparts a perturbation to the
flow in addition to the adiabatic response, which is the same
as the perturbation that would be imparted by a massless
heat sink with the negative luminosity −4piGM χρ0/γ. Natu-
rally, despite what this formulation might suggest, there is
no net heat flux on to the perturber: the temperature gra-
dient vanishes in the vicinity of the latter, and so does the
heat flux.
Recently, Eklund & Masset (2017) have studied the evo-
lution of the eccentricity and inclination of low-mass planets
in radiative discs. They found that luminous planets expe-
5 A simple manner to obtain the law of ρ′H in the immediate
vicinity of the planet (i.e. at distances much shorter than λc)
consists in solving Eq. (59) in which we neglect the left-hand
side, which represents the advective term.
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R
T(a)
γT ′a
γ − 1 =
GM
R
T ′ (χ 6= 0)
R
T, ρ(b)
T ′t ∼ −
γ − 1
γ
GM
R
ρ′t ∼ (γ − 1)
GMρ0
Rc2s
R
T, ρ(c)
T ′H ∼
(γ − 1)L
4piρ0χR
ρ′H ∼ −
γ(γ − 1)L
4piχRc2s
Figure 3. Schematic representation of the perturbation of temperature or density in the vicinity of the planet in various cases. The
variable R denotes here the distance to the planet in an arbitrary direction. Panel (a) shows the perturbation of temperature T ′a in an
adiabatic disc (black curve). The form of this perturbation comes from the fact that the perturbation of enthalpy γT ′a/(γ − 1) is nearly
the opposite of the planetary potential. When thermal diffusion is introduced, the temperature profile is flattened (red curve). The new
perturbation of temperature T ′ can then formally be written as T ′a +T ′t , where T ′t < 0 corresponds to the coloured area, and tends to the
negative of T ′a when R → 0. Panel (b) shows the graph of T ′t , and of the associated perturbation of density. Since the perturbation of
pressure is small, we have ρ′/ρ0+T ′/T0 ≈ 0, or ρ′ ≈ −γρ0T ′/c2s . The shape of ρ′t is therefore the negative of the potential, and it scales here
with R−1 because the planetary potential does. Panel (c) shows the disturbances of density and temperature imparted by a luminous,
massless perturber of luminosity L, which correspond the heating torque. Here ρ′H scales with R
−1 because it obeys a diffusion equation
in three dimensions around a point-like source. The comparison of the scaling of ρ′H and ρ
′
t (green curves in the electronic version) shows
that the latter corresponds to the perturbation induced by a singular massless heat sink with the luminosity −Lc , where Lc is given by
Eq. (132).
rience a growth of these orbital elements. They interpret
these findings as arising from the force exerted by a hot,
low-density region trailing the planet on its epicyclic or ver-
tical motion. They also found that non-luminous planets,
when embedded in radiative discs, experience a faster de-
cay of eccentricity and inclination than in an adiabatic disc.
These findings are compatible with these planets having on
the contrary a cold, dense trail that contribute to damp
these orbital elements, in addition to the well-known action
of the coorbital Lindblad resonances (Artymowicz 1993) and
coorbital vertical resonances (Artymowicz 1994), much as we
would expect if the planet imparted on the flow an additional
perturbation similar to that arising from a heat sink. We
also note that Eklund & Masset (2017) used the same disc
parameters as Ben´ıtez-Llambay et al. (2015). Their fiducial
planet has therefore the same, small value of Lc (see section
5.3.2), and all the planetary luminosities that they consider
exceed Lc , explaining why all their luminous planets have
finite eccentricity and inclinations are larger times.
5.8 Relationship with the corotation torque
Although the perturbations of density that give rise to the
thermal torques are located in the coorbital region, the ther-
mal torques are not corotation torques. Corotation torques
correspond to the exchange of angular momentum at a coro-
tation resonance between the perturber and the disc. The
equation that governs heat diffusion is parabolic, its solution
is not wave-like, and a resonant behaviour is impossible.
The derivation presented here is based on a linear de-
composition of the flow’s perturbation, and applies in the
limit of small planetary mass. Even in this limit, the flow
may eventually exhibit non-linearities, with a potentially
large impact on the torque: Paardekooper & Papaloizou
(2009) have found that, in a disc with a sufficiently small
viscosity, the corotation torque changes its value over a long
time-scale: it adopts initially, over a dynamical time-scale,
the value given by linear theory, then switches to a differ-
ent value, given by the (non-linear) horseshoe drag, after a
time-scale which roughly corresponds to the duration of a
horseshoe U-turn6. The smaller the planet mass, the longer
it takes to perform a horseshoe U-turn and therefore to reach
the non-linear regime, but this regime is eventually attained
regardless of the planet mass.
Although the flow may eventually become non-linear
in the coorbital region of a low-mass planet in a disc with
thermal diffusion, the thermal torques should be largely in-
sensitive to this effect, which should only affect the coro-
tation torque. One may compare the time-scale of the U-
turn (Baruteau & Masset 2008; Paardekooper & Papaloizou
2009)
τU−turn ∼ 10Ω−1p
(
q
h3
)−1/2
, (149)
to the response time of the thermal torques: τth ∼ λ2c/χ ∼
Ω−1p . For the largely sub-thermal planets considered in this
work, the last factor in Eq. (149) may be substantial, and we
expect to have typically τU−turn ∼ 102Ω2p, two orders of mag-
nitude larger than the time it takes to establish the thermal
torque. The horseshoe motion can thus be considered frozen
over the short time-scale required for the heat released at a
given instant by the planet to yield a thermal torque, which
should therefore be insensitive to the horseshoe dynamics.
This can also be expected on intuitive grounds: the pertur-
bation of velocity in the coorbital region is much smaller
than the unperturbed velocity, which is primarily responsi-
6 Over even longer time-scales, the corotation torque may ex-
hibit an oscillatory behaviour, and it eventually converges to an
asymptotic value.
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ble for the distortion of the hot region that gives rise to the
thermal torque.
6 CONCLUSIONS
We find that a finite thermal diffusivity changes significantly
the torque experienced by a low-mass planet embedded in
a gaseous protoplanetary disc. We provide an expression,
Eq. (136), for the difference between the torque experienced
in a disc with thermal diffusion and an adiabatic disc, when
the planet does not release heat into the disc. We call this
new torque component the cold thermal torque. It arises
from two low-temperature, dense lobes on each side of coro-
tation. Each one exerts on the planet a torque comparable
to the so-called one-sided Lindblad torque exerted by the
outer and inner legs of the pressure-supported wake. Much
like this wake’s torque, the outer disturbance exerts a neg-
ative torque, while the inner one exerts a positive torque.
The residual torque, however, is markedly different. While
the relative imbalance of the wakes’ torques is of the order
of the disc’s aspect ratio h, the imbalance of the thermal
torques is set by the ratio of the offset to corotation to the
size of the lobes λc ∼
√
χ/Ωp. This ratio is usually a quantity
larger than h, which implies that the cold thermal torque is
the dominant component of the torque, at least for suffi-
ciently small planetary masses. We find, by comparing our
analytic expectations to the only numerical evidence of the
cold thermal torques published so far (Lega et al. 2014),
that the cold thermal torque measured in the simulations
has an absolute value smaller than that of the analytic es-
timate, even more so as the planetary mass increases. This
suggests that the cold thermal torque is cut-off for plane-
tary masses above the Earth’s mass, and that full fledged
thermal torques have not yet been obtained in numerical
simulations.
When the planet is luminous, the heat released in the
surrounding nebula obeys an equation of advection and dif-
fusion, in which the advection stems from the Keplerian
shear. The relative perturbations of density and temperature
associated with the heat release have opposite values, while
the pressure remains essentially unperturbed. The pertur-
bation of density associated with the heat release, in steady
state, is asymmetric when the planet is offset from corota-
tion. We work out an expression for the net torque corre-
sponding to this perturbation, or heating torque, given by
Eq. (144). This expression is exact in the limit of an offset
to corotation small compared to the size of the disturbance,
and of a size of disturbance small compared to the thickness
of the disc. The total torque is the given by Eq. (143). As
for the cold thermal torque, the comparison of our analytic
expectations to the values of the heating torque reported
by Ben´ıtez-Llambay et al. (2015) suggests a cut-off above a
fraction of an Earth mass.
Our analysis has assumed the planet to be on a fixed
circular orbit. When the planet’s luminosity is large, it can
acquire a significant eccentricity, and the time averaged total
torque exerted on the planet may depart significantly from
the circular estimate (Eklund & Masset 2017).
The decay of the thermal torques below their analytic
value for planetary masses above typically one Earth-mass
is not included in the analytic formulation presented here,
based on linear perturbation theory. Studying the regime
of larger planetary masses requires to deal with non-linear
flows, and will likely require to be tackled through numerical
simulations. This now appears as the most important step
towards an integration of the thermal torques into a general
torque formula.
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APPENDIX A: SOLUTION OF THE
DIFFERENTIAL SYSTEMS
We seek finite solutions of Eqs. (75)-(76) or Eqs. (94)-(95).
These solutions are such that the real part has the parity
of the forcing function [δ(X) in the first case, δ′(X) in the
second one], whereas the opposite holds for the imaginary
part. Hence, X 7→ RK (X) and X 7→ iK (X) are even functions
of X, while X 7→ IK (X) and X 7→ rK (X) are odd functions of
X.
Integrating Eq. (75) from − to + and taking the limit
 → 0, we find that
R′K (0+) − R′K (0−) = 2R′K (0+) = −1. (A1)
A similar integration of Eq. (76) yields that I ′K is continuous
in 0. Since this function is even in X, this implies that I ′′K (0) =
0 [I ′′K cannot be singular in 0, as per Eq. (76)], and therefore
that IK (0) = 0.
Similar considerations apply to Eqs. (94) and (95). Inte-
gration of Eq. (95) with the requisite that iK is even implies
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that i′K (0) = 0. Similarly, integration of Eq. (94) on a neigh-
bourhood of 0 yields
rK () → sgn()2K for  → 0 (A2)
We start our integration at a large value X∞ of X, and
integrate backwards. We consider the two initial conditions
[RK (X∞), IK (X∞)] = (1,±1). We adopt for the first derivatives
the approximate values
R′K (X∞) =
√
X∞
2K
[RK (X∞) − IK (X∞)] (A3)
I ′K (X∞) =
√
X∞
2K
[RK (X∞) + IK (X∞)]. (A4)
We then adopt the linear combination of our two solutions
that verifies R′K (0) = −1/(2K) and IK (0) = 0, and we check
in X∞ that the solution is vanishingly small compared to
its value at the origin. Namely we check that |RK (X∞) +
iIK (X∞)| < 10−9 |RK (0)+ iIK (0)|, and increase X∞ and repeat
the operation until this condition is satisfied. We have found
that our solution, except in the vicinity of X∞ where it is
vanishingly small, is largely insensitive to our choice of first
derivatives in X∞. We have found that a suitable choice for
X∞ is
X∞ = 25 if K > 3 (A5)
= 17K1/3 otherwise (A6)
We use a similar method to solve Eqs. (94)-(95), which
differ only by the forcing term in X = 0, except that we
adopt the linear combination of our solutions that verifies
rK (0+) = 1/(2K) and i′K (0) = 0.
APPENDIX B: NUMERICAL EVALUATION OF
THE INTEGRALS OF F AND J
The functions K 7→ F(K) and K 7→ J(K) are defined respec-
tively by the integrals that appear in Eqs. (81) and (99).
These two functions admit simple approximations in the
limit K → 0 and K → ∞. We therefore perform the cal-
culation of the integrals as follows:
• We integrate over an interval [Kmin,Kmax], with Kmin 
1 and Kmax  1, where the value of IK or iK is obtained
using the method described in Appendix A.
• We add the contribution of the intervals [0,Kmin] and
[Kmax,+∞] in an analytical manner, using the approxima-
tions respectively at small and large K.
In the limit K →∞, we have the approximation
IK (X) ≈ X + X
2
8K2
exp(−X), (B1)
so that
F(K) K→∞−→ 1
16K2
. (B2)
In the limit K → 0, the solution RK (X)+ iIK (X) tends to the
solution z1 of the equation
−iXz = Kz′′ + δ(X). (B3)
The solution z1 can itself be written in terms of the solution
z0 of the equation
−ixz = d
2z
dx2
+ δ(x), (B4)
as:
z1(X) = K−2/3z0(XK−1/3), (B5)
In the limit of K → 0 the integral will therefore tend to
F(K) K→0−→
∫
X>0
=[ZK (X)]dX (B6)
= K−1/3
∫
x>0
=[z0(x)]dx (B7)
We find, using a shooting method similar to that of Ap-
pendix A:∫
x>0
=[z0(x)]dx ≈ 0.372 (B8)
For the evaluation of J(K), we use
iK (X) K→∞−→ 1 + X + X
2
8K2
exp(−X), (B9)
so that
J(K) K→∞−→ 1
8K2
(B10)
and, for K  1,
J(K) ≈ 0.469
K2/3
. (B11)
We obtain: ∫ ∞
0
F(K)dK ≈ 0.205 (B12)∫ ∞
0
F(K2/3)dK ≈ 0.252 (B13)∫ ∞
0
J(K2/3)dK ≈ 0.616 (B14)
APPENDIX C: ENTHALPY NEAR THE
PLANET
The derivation of the cold thermal torque requires the knowl-
edge of the enthalpy distribution in the planet’s vicinity in
the adiabatic case. We have made the approximation that
the enthalpy is the negative of the planetary potential. We
assess here the degree of accuracy of this simplifying assump-
tion. There is an indirect albeit simple manner to evaluate
the residual value of the potential plus enthalpy near the
planet. The gas parcels are subjected to an effective poten-
tial that is the sum Ψ of the planetary potential and gas
enthalpy. It is therefore the depth of this effective poten-
tial well that determines the width of the horseshoe region.
Should the enthalpy be exactly the negative of the poten-
tial, the effective potential would vanish and the horseshoe
region would not exist. On the other hand, the fact that the
horseshoe region is much more narrow than what it would
be if the gas parcel were subjected only to the planetary po-
tential (in which case the horseshoe region would have the
same width as in the restricted three-body problem) indi-
cates that the effective potential well is much more shallow
than the gravitational potential well; that is, the enthalpy
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is approximately the opposite of the potential. The width
of the horseshoe region in an adiabatic situation gives us
an idea of the residual value of the effective potential. The
Bernoulli constant on the separatrix of the horseshoe region
is (3/8)Ω2p x2s , where xs is the half-width of the horseshoe re-
gion, and it is also the value of the effective potential at the
stagnation point, in the vicinity of the planet (Masset et al.
2006). The effective potential well does not diverge in the
vicinity of the planet and is nearly constant over the inner-
most pressure length-scale. We compare it to the planetary
potential at the Bondi radius (which is c2s , by definition).
We have
Ψ
c2s
=
3
8
Ω2p x
2
s
c2s
= O(µ/h3), (C1)
where we have used xs ∼ rp(q/h)1/2. This shows that for
largely sub-thermal planets, our approximation is reasonably
accurate. For an Earth-mass planet in a disc with h = 0.05,
the assumption that the enthalpy is the negative of the po-
tential well is accurate to within ∼ 1 % at the Bondi radius.
APPENDIX D: ON THE HEAT SOURCE OF
THE NON-LUMINOUS CASE
The Laplacian of the field p′a is, using Eq. (130)
∆p′a = −2∇ρo · ∇Φp − ρ0∆Φp, (D1)
where we neglect the second-order derivative of ρ0. We jus-
tify here why we can neglect the first term of the right-hand
side of Eq. (D1). The field ∇ρ0 is uniform on the neighbour-
hood of the planet, while the field ∇Φp is directed towards
the planet. Their dot product is a non-singular field that
changes sign across the planet’s orbit. We can estimate the
integrated heat source term L+ of the outer part (x > xp)
over a volume λ3c as
|L+ | ∼ χ |ξ |
γ
· ρ0
rp
· GM
λ2c
· λ3c, (D2)
where ξ = −d log ρ0/d log r, while the inner part (x < xp) has
a luminosity L− similar in absolute value, and of opposite
sign, to L+. The one-sided torques excited in the outer disc
by L+ and in the inner disc by L− have same sign, so the net
torque Γ± arising from the term of interest is approximately
twice the one-sided torque due to L+, which gives
Γ± ∼ 0.13(γ − 1)G
2M2ξρ0
c2s
· λc
rp
. (D3)
This is approximately λ2c/(xprp) times the net, cold thermal
torque found in section 4. This ratio is also ∼ (λc/H)2  1,
so the torque arising from the term under consideration is
negligible, which justifies our approximation.
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